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1. INTRODUCTION
Throughout this section, we fix a prime number p and a field F of
characteristic p. If A is any finite group and V is an FA-module, we
Ž .denote by Soc V the socle of V. Also, if V is isomorphic to a direct
summand of an FA-module V , we will write V  V .
Let N be a normal subgroup of a finite group G and let J denote the
Jacobson radical of the group ring FG. Let W be an irreducible FN-mod-
ule and let V , . . . , V be a complete set of pairwise nonisomorphic1 s
Ž .irreducible FG-modules for which W  V . A result of M. Harris showsi N
that there are s pairwise nonisomorphic indecomposable FG-modules
Ž . G sP , . . . , P such that PP J Soc P  V and W  a P , where1 s i i i i i ii1
Ž  .each a is a positive integer see Theorem 3.14.4 in 3 .i
The purpose of this paper is to give more precise information about the
FG-modules P when G is p-solvable and F is algebraically closed. Thisi
allows us to deduce that the modules P behave quite analogously to thei
principal indecomposable modules of p-solvable groups.
THEOREM. Assume that F is algebraically closed and let N	H	G,
where N
G, G is p-solable, and HN is a p-complement in GN. Let W
be an irreducible FN-module and let V , . . . , V be a complete set of pairwise1 s
Ž .nonisomorphic irreducible FG-modules for which W  V . Then, the FH-i N
Ž . Gmodule V is completely reducible and if P U , where U is an irre-i H i i i
Ž .ducible direct summand of minimum F-dimension of V , we hae:i H
Ž . Ga P is isomorphic to an indecomposable direct summand of W andi
Ž .PP J Soc P  V , where J is the Jacobson radical of the group ring FG.i i i i
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Furthermore, eery composition factor of P is isomorphic to V for somei j
 4j 1, . . . , s .
Ž .b Up to FG-isomorphism, P is uniquely determined by V .i i
Ž . Ž G . Ž .c dim P  dim W dim V .F i F p F i p
Ž .  4d For i, j 1, . . . , s , the multiplicity r of V as a compositioni j j
Ž .factor of P is equal to dim Hom P , P and r  r .i F F G j i i j ji
Ž . Ge Eery indecomposable direct summand of W is isomorphic to one
of P , . . . , P .1 s
The above theorem seems to suggest that the FG-modules P behave asi
generalizations of the principal indecomposable modules of p-solvable
Ž .groups. In particular, the multiplicities r in d can be viewed as general-i j
izations of the Cartan invariants.
2. PROOF OF THE MAIN THEOREM
This section is entirely devoted to the proof of the main theorem.
Toward that end, we need a few easy preliminary results. First, we fix a
prime number p and an algebraically closed field F of characteristic p.
Ž .2.1 LEMMA. Suppose G is p-solable. Let K	G be a p-complement
and let V be an irreducible FG-module. Then, the minimum of the dimensions
Ž .of the irreducible submodules of V is dim V . Furthermore, for anyK F p
irreducible submodule M of V of minimal dimension, the induced moduleK
M G is the principal indecomposable FG-module coering V.
Proof. Let  be the Brauer character afforded by V. Then, it is clear
that the minimum of the dimensions of the irreducible submodules of VK
is the minimum of the degrees of the ordinary irreducible constituents of
Ž .   . By Corollary 2.5 a and Definition 2.4 in 2 , this minimum is exactlyK
Ž . 1 . This proves the first assertion.p
Next, let M be an irreducible submodule of V of minimal dimensionK
and let  be the Brauer character afforded by M. Then, it follows from
 Theorem 2.2 in 2 that the multiplicity of  as a constituent of  is 1K
and that  is not a constituent of the restriction  of any irreducibleK
Ž .Brauer character  . It follows that dim Hom V , M  1 and thatF FK K
Ž .dim Hom U , M  0 for any irreducible FG-module U V. We canF FK K
Ž G . Gnow easily conclude that Soc M  V. Since M is projective, the
remaining assertion of the lemma follows.
Ž .2.2 LEMMA. Suppose N
G, where G is p-solable. Let V be an
irreducible FG-module and let W be an irreducible FN-module such that
W  V . If H is a subgroup of G containing N such that HN is a p-group,N
Ž G .then the FH-modules W and V are completely reducible.H H
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Ž G . Ž x.HProof. We have W  W as FH-modules, where D isH x D
some subset of G. Since the FN-module W x is irreducible and since HN
  Ž x.His a p-group, we conclude by Corollary VI.2.5 in 1 that W is
Ž G .completely reducible. Therefore, W is completely reducible. Next, asH
Ž G . Ž . Ž G .Hom V, W Hom V , W and W  V , we have Hom V, WF G FN N N F G
 0. It follows that V is isomorphic to an FG-submodule of W G and
Ž G . Ž G .hence V is isomorphic to an FH-submodule of W . As W isH H H
completely reducible, then so is V .H
Ž .2.3 LEMMA. Let N
G, where G is p-solable and GN is a p-group.
If V is an irreducible FG-module and W is an irreducible FN-module such
Ž . Ž .that W  V , we hae dim V  dim W .N F p F p
  GProof. By Corollary VI.2.5 in 1 , the FG-module W is completely
Ž G . Ž . Ž .reducible. Since Hom V, W Hom V , W and Hom V , WF G FN N FN N
 0, the module V is isomorphic to a submodule of W G. Now, as W G is
completely reducible, we have V W G.
Let Q be a vertex for W. Then Q is also a vertex for V by Lemma 4.3.4
    Ž .  in 4 . Now by Theorem X.1.8 of 1 we have dim V  G : Q andF p p
Ž .    dim W  N : Q . Since p G : N , the result follows.F p p
We are now ready to prove the main theorem.
Proof of Theorem. Fix a p-complement K in G such that K	H and
 4let V V , . . . , V . By Lemma 2.2, the restriction V is completely1 s H
reducible. Let now U be an irreducible direct summand of minimum
dimension of V and let M be an irreducible submodule of minimumH
dimension of U . As K is a p-complement in H, we have dim MK F
Ž .dim U by Lemma 2.1. If X is any irreducible direct summand of V ,F p H
then it is clear that X lies over some G-conjugate W g of W. Since HN is
Ž . Ž .a p-group, Lemma 2.3 implies that dim X  dim W . HenceF p F p
Ž . Ž .dim U  dim X and, by the choice of U, it follows that dim MF p F p F
Ž . Ž .dim U  dim X . By Lemma 2.1, we now conclude that the dimen-F p F p
sion of any irreducible submodule of X is greater than or equal toK
dim M. Since M  V and since any irreducible submodule of V is aF K K
submodule of X for some X, it follows that M has minimum dimensionK
among all irreducible submodules of V . Lemma 2.1 now tells us thatK
Ž . Gdim V  dim M and that M is a principal indecomposable FG-F p F
module whose socle is isomorphic to V.
Ž . Ž H .Since M U , we have Hom U , M  0. Now, as Hom U, M K FK K FH
Ž . HHom U , M , it follows that U is isomorphic to a submodule of M andFK K
therefore U G is isomorphic to a submodule of M G.
G Ž G .Set PU . We have seen above that Soc M  V. Since P is
G Ž .isomorphic to a submodule of M , it is clear that Soc P  V, as well. It
follows, in particular, that P is indecomposable.
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t Ž t.HThe FH-module U lies over W for some tG and W is com-
  Ž Ž t.H .pletely reducible by Corollary VI.2.5 in 1 . As Hom U, W FH
Ž t. Ž t.H Ž t.GHom U , W , we conclude that U  W , and hence P  W . SinceFN N
Ž t.G GW W , it follows that P is isomorphic to an indecomposable direct
summand of W G, whose socle is isomorphic to V. Now, Theorem 3.14.4 in
  Ž .3 implies that PPJ V. The proof of a is almost complete and all that
remains to be proved is that every composition factor of P is isomorphic to
 4V for some j 1, . . . , s .j
G Ž G .Since P W , we have P  W and it follows that P is isomorphicN N N
to a sum of G-conjugates of W. Now, if V  is a composition factor of P,
we have V   P and hence V  lies over some conjugate of W. It is clearN N
then that W  V  and so V  V for some j.N j
  GNext, Theorem 3.14.4 of 3 implies that every direct summand of W
whose socle is isomorphic to V must be isomorphic to P and that the socle
of every indecomposable direct summand of W G is isomorphic to one of
Ž . Ž .V , . . . , V . This proves b and e .1 s
Ž . Ž . Ž .Recall that dim U  dim W and that dim U  dim MF p F p F p F
Ž .    dim V . Now, since G : H is a power of p and H : N  1, we haveF p p
 dim P G : H dim UF F
  G : H dim U dim UŽ . Ž .p pF F
  G : H dim W dim VŽ . Ž .p pF F
  G : N dim W dim VŽ .Ž . p pF F
 dim W G dim V ,Ž .Ž . ppF F
Ž . Ž .thus proving c . Finally, we show d .
 Ž . GLet r  dim Hom P , P . Since P U , we havei j F F G j i j j
r  dim Hom U , P .Ž .Ž .i j F FH j i H
G Ž . Ž G . Ž .Next, as P W , we have P  W and so P is completelyi i H H i H
Ž G .reducible as W is completely reducible by Lemma 2.2. Also, byH
Ž .  4Lemma 2.2 V is completely reducible for every k 1, . . . , s . Itk H
Ž . s Ž . Ž Ž . .follows that P   r V . As dim Hom U , V i H i k k H F F H j k Hk1
Ž . dim Hom P , V   , we easily get that r  r . We have thusF F G j k jk i j i j
proved the first assertion. Next, we show that r  r .i j ji
Ž .Since P is completely reducible, we havei H
dim Hom U , P  dim Hom P , U .Ž . Ž .Ž . Ž .F FH j i F FH i jH H
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Ž . Ž .It follows that r  dim Hom P , P  dim Hom P , P  r . Thisi j F F G j i F F G i j ji
Ž .takes care of d . The proof of the theorem is now complete.
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